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ABSTRACT 
In practice, most of the engineering materials manufactured using sheet metal forming 
processes, are orthotropic. The technological demands on such materials are coming 
from various manufacturing processes, aerospace structures, car crashworthiness and 
defence. Much research has been performed involving analytical, experimental and 
computational methods, it is generally accepted that there is still a need for improved 
constitutive models. Moreover, there are numerous mechanics of materials issues that 
have yet to be solved, related to finite strain deformation and failure of elastic and 
plastic of material orthotropic. Based on this motivation, a constitutive model is 
developed to predict a complex elastoplastic deformation behaviour involving 
shockwaves and spall failure in orthotropic materials at high pressure. The important 
feature of the proposed hyperelastic-plastic constitutive model formulated in this 
research project is a Mandel stress tensor combined with the new generalised 
orthotropic pressure. The formulation is developed in the isoclinic configuration and 
allows for a unique treatment for elastic and plastic part. The stress tensor 
decomposition of the new generalised pressure and Hill’s yield criterion aligned 
uniquely within the principal stress space is adopted to characterize elastic and plastic 
orthotropy. An isotropic hardening is adopted to define the evolution of plastic 
orthotropy. The formulation is further combined with a shock equation of state (EOS) 
and Grady spall failure model to predict shockwave propagation and spall failure in 
the materials, respectively.  The algorithm of the proposed constitutive model is 
implemented as a new material model in the Lawrence Livermore National Laboratory 
(LLNL)-DYNA3D code of UTHM’s version, named Material Type 92 (Mat92). The 
𝝍 tensor used to define the alignment of the new yield surface is first validated in this 
work. This is continued with an internal validation related to elastic isotropic, elastic 
orthotropic and elastic-plastic orthotropic of the proposed formulation before a 
comparison against range of Plate Impact Test data at 234ms−1, 450ms−1 and 
895ms−1 impact velocities is performed.  A good agreement is obtained in each test. 
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ABSTRAK 
Secara praktikal, kebanyakan pembuatan bahan kejuruteraan menggunakan proses 
pembentukan kepingan logam. Permintaan teknologi terhadap bahan tersebut datang 
dari pelbagai proses pembuatan, struktur aeroangkasa, kecacatan kemalangan dan 
pertahanan. Banyak penyelidikan telah dilakukan melibatkan kaedah analitik, 
eksperimen dan pengiraan, secara amnya diterima bahawa masih terdapat keperluan 
untuk menambah baik model juzuk. Selain itu, terdapat banyak masalah mekanik 
bahan yang masih belum dapat diselesaikan, yang berkaitan dengan perubahan bentuk 
terikan yang terhingga dan kegagalan elastik dan plastik bahan ortotropik. Berdasarkan 
motivasi ini, model juzuk dibangunkan untuk meramalkan tingkah laku ubah bentuk 
elastoplastik kompleks yang melibatkan gelombang kejutan dan kegagalan spall dalam 
bahan ortotropik pada tekanan tinggi. Ciri penting dalam model juzuk plastik yang 
dicadangkan dalam projek penyelidikan ini ialah tensor tekanan Mandel yang 
digabungkan dengan tekanan orthotropik yang baru. Perumusan dibangunkan dalam 
konfigurasi isoklinik dan membolehkan rawatan untuk elastik dan plastik. Penguraian 
tensor tegasan tekanan umum yang baru dan kriteria hasil Hill sejajar dengan unik di 
dalam ruang tekanan utama yang digunakan untuk mencirikan orthotropi elastik dan 
plastik. Pengerasan isotropik digunakan untuk menentukan evolusi orthotropi plastik. 
Perumusan digabungkan dengan persamaan kejutan (EOS) dan model kegagalan 
Grady untuk meramalkan penyebaran shockwave dan kegagalan spall dalam bahan. 
Algoritma model yang dicadangkan ini dilaksanakan sebagai model bahan baru dalam 
kod versi UTHM makmal Lawrence Livermore (LLNL) -DYNA3D, yang dinamakan 
Material Type 92 (Mat92). 𝝍 tensor yang digunakan untuk menentukan penjajaran 
permukaan hasil baru disahkan untuk peringkat pertama. Seterusnya pengesahan 
dalaman yang berkaitan dengan formulasi isotopik elastik, ortotropik elastik dan 
ortotropik elastik plastik yang dicadangkan sebelum perbandingan terhadap data ujian 
plat impak pada halaju impak 234ms−1, 450ms−1 dan 895ms−1 dilakukan. 
Perjanjian yang baik diperolehi dalam setiap ujian. 
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CHAPTER 1 
INTRODUCTION 
1.1 Background of The Study 
Orthotropic material is common in many engineering applications. They are a subset 
of anisotropic materials where the properties change as measured in three mutually 
orthogonal symmetry planes and behave in far more complex compared to isotropic 
materials. The example of familiar orthotropic materials is sheet of aluminium alloy 
formed by squeezing thick sections of metal between heavy rollers. The strain rate 
dependent and mechanical behaviour can be observed as important for applications 
involving impact and dynamic loading in aerospace structures, car crashworthiness 
and defence. For instance, aluminium alloy 7010 in temper conditions T7651 has been 
extensively used as structure components in aero industry due to its high strength and 
high resistance to stress corrosion cracking and good fracture toughness. The ability 
to predict the deformation behaviour for many aluminium alloys undergoing finite 
strain deformation therefore becoming more and more important and has attracted 
attention designer and the user of metal structures for many years. This has brought 
great challenges in understanding the behaviour of these materials from quasi-static to 
high strain rate regimes as adopted in broad engineering applications (Chen et al., 
2009). To develop models capable of modelling deformation behaviour of aluminium 
alloys, it is necessary to understand the formation and propagation of shock waves. 
The constitutive models intended to represent plastic behaviour are of great importance 
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in the current design and analysis of forming processes due to their broad engineering 
application (Barlat et al., 2003). The ability to appropriately capture the behaviour of 
deformation processes in these applications is becoming more important (Mohd Nor, 
2015). 
1.2 Problem Statement 
Much research has been carried out in respect to complex materials behaviour of 
orthotropic materials under dynamic loading conditions, leading to results in various 
technologies involving analytical, experimental and computational methods. Despite 
of this current status, it is generally agreed that there is a need for improved constitutive 
formulation as well as the corresponding procedures to identify the parameters for 
these models. Modelling finite strain deformation and failure in such materials requires 
an appropriate mathematical description. This is a real deal since an appropriate 
formulation can be very complex, specifically to deal with the orientations of materials 
orthotropy (Sitnikova et al., 2015). Moreover, there are numerous mechanics of 
materials issues that have yet to be solved, related to orthotropic elastic and plastic 
behaviour. For example, shape changes resulting from a deformation process on a 
continuum level can be very complex when dealing with orthotropic materials since 
the co-linearity of the principal axis of the stress and strain tensors is no longer in 
place. Based on this motivation, this research project is conducted to develop a 
constitutive formulation to predict the behaviour of commercial aluminium alloys 
undergoing large deformation including failure. 
1.3 Objective 
The objective of this research project is: 
 
1. To formulate an orthotropic constitutive model to predict the dynamic 
deformation behaviour including shockwave propagation and spall failure of 
orthotropic materials 
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2. To establish the DYNA3D finite element code of UTHM’s version as a good 
simulation tool with a proper implementation guideline for a new constitutive 
relation. 
3. To develop a simplified validation approach for any constitutive model 
formulated for orthotropic materials. 
1.4 Scope 
The scope of this research project is:  
1. The development of a new constitutive formulation is defined within a 
consistent thermodynamic framework adopting a multiplicative decomposition 
of deformation gradient F. 
2. The description of finite strain deformation within elastic regime is defined 
using the new stress tensor decomposition generalized for orthotropic 
materials. 
3. A yield function is used to capture the initial plastic orthotropy and the 
subsequent evolution in a unique alignment within the principal stress space. 
4. The description for non-linear behaviour at high pressures is determined using 
shock equation of state (EOS) of new generalized pressure and spall failure.  
5. The implementation of the proposed formulation involves modification of 
several subroutines in the DYNA3D finite element code of UTHM’s version. 
6. The selected code is further enhanced to deal with more complicated analysis. 
7. The implementation method is also developed as a guideline for other 
constitutive models development in the code.  
8. The numerical simulation results obtained using the new constitutive model is 
internally validated using the newly simplified approach of single and multiple 
element analyses.  
9. New yield surface alignment is conducted to confirm the compliance and 
stiffness matrices including the value of 𝝍 tensor is correctly calculated 
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10. Single and multiple element analysis is adopted to confirm the capability of 
proposed constitutive model to predict the behaviour of orthotropic materials 
under consideration and provide an efficient book keeping. 
11. The final stage of validation process is a validation against the aluminium 
alloys AA7010 experimental data of Plate Impact test. 
12. Aluminium Alloy (AA7010) is used in this research work due to its strength, 
light weight, good corrosion resistant and good toughness. 
13. Plate impact test is used to investigate dynamic deformation and failure modes 
of materials that require impacting a flyer plate at high strain rate against a 
specimen (target). 
14. The limitations of this research work are: 
i. It is impossible to capture softening and to ensure the distributions of 
plastic strains including the initiation and evolution of damage 
parameters. 
ii. Unable to capture strain rates and temperatures sensitivities of the 
materials under consideration. 
iii. Not capable to describe the Bauschinger effect of the materials. 
iv. Unable to analyse a complex behaviour of orthotropic materials in three 
dimensional mode including damage characteristics, and further produce 
the corresponding input parameters. 
1.5 Significant 
The goal of this research project is to develop a constitutive model capable of 
demonstrating the dynamic behaviour in commercial aluminium alloys including spall 
failure at high pressures, which applicable in various engineering applications.  
 
To develop new constitutive model, the required criteria is: 
 
a) Able to demonstrate the main characteristic of orthotropic metals 
b) Simple in mathematical, thus computationally uncomplicated. 
c) Requires measurable input parameters. 
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The achievement of this research project signals a good guidance for appropriate 
material models for commercial materials that can help towards better comprehension 
of the materials behaviour which undergoing finite strain deformation.  
The implementation of the first ever UTHM’s constitutive formulation in this 
work is really important to guide the other researchers to develop more constitutive 
formulation. This achievement contributes for a better prediction provided by the 
DYNA3D of UTHM’s version. Further the finite element code can be commercialized 
to meets real industrial applications.  
In addition, the validation method developed in this work can be regarded as a 
simplified approach for validation of any constitutive model formulation and its 
implementation in any finite element simulation code.  
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CHAPTER 2 
LITERATURE REVIEW 
2.1 Introduction 
This chapter is very important since a comprehensive literature review related to the 
modelling deformation behaviour of orthotropic materials including the description of 
a finite element code of LLNL-DYNA3D is concisely discussed. The chapter starts by 
a discussion of orthotropic aluminium alloys. This is followed by a discussion of the 
fundamental theory associated to the elasticity and plasticity. Further, the theory of 
plasticity of isotropic and anisotropic materials is presented. Subsequently, the 
decomposition suitable for orthotropic materials is discussed, before the multiplicative 
decomposition of the deformation gradient 𝐅 is further considered. The chapter then 
rigorously review the literature related to structural tensors, the new generalized 
pressure for orthotropic materials, shockwave propagation in materials, spall criterion 
including the related theory of thermodynamic framework. The chapter finally review 
the background and the basic structure of the LLNL-DYNA3D code of UTHM’s 
version.  
2.2 Overview of Orthotropic Aluminium Alloys  
Aluminium alloys with a high specific strength and excellent combination of 
mechanical properties are widely used in many engineering applications such 
automotive, aerospace and others.  Its advantages are mainly due to its strength, light 
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weight, good thermal conductivity, high corrosion resistance and much easier to 
machine and form than steel. It can be observed that such materials exhibit orthotropic 
behaviour while undergoing large elasto-plastic deformation at unit-cell level due to 
the preferred orientation as a result of various manufacturing processes (Mohd Nor, 
2016). Sheet of aluminium alloys formed by squeezing thick sections of metal between 
heavy rollers is an example of orthotropic materials produced in manufacturing 
industry. There are many other examples such as Advanced High Strength Steel 
(AHSS) and fibre-reinforced elastomers.  
The prediction of aluminium alloys behaviour undergoing finite strain 
deformation including shock wave propagation has attracted attention due to its broad 
engineering applications. Therefore, the constitutive model that influence the 
prediction capability in many finite element code specifically the behaviour within 
plastic regime is very crucial (Anagnostopoulos et al., 2005). The formulation to 
describe complex materials responses at high strain rate and pressures should be one 
of integration between elasticity, plasticity and equation of state (EOS) including spall 
failure. It is difficult for engineer and the user of metal structures to ignore the realm 
of this topics, regardless of his particular field of interest. Lack of this knowledge can 
impose limitations on engineering design.   
2.3 Summary of Related Previous Works 
Table 2.1 shows the summary of the previous research works performed by other 
researchers. 
Table 2.1 Summary of the Previous Research works related Modelling Constitutive 
Model 
Author Summary Result 
Vili Panov, 
(2005) 
The aim of the work presented in this 
thesis was to produce the improvement 
of the existing simulation tools used for 
the analysis of materials and structures, 
which are dynamically loaded and 
The new material model 
has been implemented in 
DYNA3D, using for this 
purpose developed elastic 
(predictor or plastic), 
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subjected to the different levels of 
temperatures and strain rates. The main 
objective of this work was 
development of tools for modelling of 
strain rate and temperature dependant 
behaviour of aluminium alloys, typical 
for aerospace structures with 
pronounced orthotropic properties, and 
their implementation in computer 
codes. Explicit finite element code 
DYNA3D has been chosen as 
numerical test-bed for implementation 
of new material models. Constitutive 
model with an orthotropic yield 
criterion, damage growth and failure 
mechanism has been developed and 
implemented into DYNA3D. 
corrector or damage 
mapping, integration 
algorithm. Numerical 
simulations of Taylor 
impact cylinder test for 
AA7010, have been 
carried out to validate 
implemented model and 
simulation results are 
given to illustrate the 
potential applicability of 
the proposed model. 
Good agreement with 
experimental results was 
obtained. Comparison of 
numerical results for 
purely isotropic models 
like as Johnson-Cook, 
Mechanical Threshold 
Stress and anisotropic 
elastoplastic model with 
proposed anisotropic 
elastoplastic damage 
model illustrates 
significant differences in 
material response. It 
could be concluded 
following: proposed 
model is capable to 
capture more accurately 
major and minor 
distributions of plastic 
strains, and furthermore, 
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developed model can 
describe evolution of 
damage adequately. 
Vignjevic et 
al., (2008) 
A constitutive relationship for 
modeling of shock wave propagation in 
orthotropic materials is proposed for 
nonlinear explicit transient large 
deformation computer codes 
(hydrocodes). A procedure for 
separation of material volumetric 
compression (compressibility effects 
equation of state) from deviatoric strain 
effects is formulated, which allows for 
the consistent calculation of stresses in 
the elastic regime as well as in the 
presence of shock waves. According to 
this procedure the pressure is defined as 
the state of stress that results in only 
volumetric deformation, and 
consequently is a diagonal second 
order tensor. As reported by Anderson 
et al. Comput. Mech.15,201,1994 the 
shock response of an orthotropic 
material cannot be accurately predicted 
using the conventional decomposition 
of the stress tensor into isotropic and 
deviatoric parts. This paper presents 
two different stress decompositions 
based on the assumption that the stress 
tensor is split into two components: one 
component is due to volumetric strain 
and the other is due to deviatoric strain. 
Both decompositions are rigorously 
The simulation results 
showed a good agreement 
with the experimental 
data. Differences between 
the experimental traces 
and numerical results in 
these test cases could be a 
consequence of the 
orientation and position 
of the gauges related to 
the layup of the 
composite material, as 
well as the gauge 
averaging the recorded 
stress across its area. 
Thus an important feature 
of further validation 
would be that such 
simulations should 
improve understanding of 
experimental averaging 
occurring in the gauge so 
that it can be replicated in 
the simulation. 
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derived. In order to test their ability to 
describe shock propagation in 
orthotropic materials, both algorithms 
were implemented in a hydrocode and 
their predictions were compared to 
experimental plate impact data. The 
material considered was a carbon fiber 
reinforced epoxy material, which was 
tested in both the through-thickness 
and longitudinal directions. 
Czarnotaa et 
al., (2008) 
Model of void nucleation and growth is 
proposed and used to characterize 
dynamic damage in metals subjected to 
extreme loading conditions. The 
material is elastic–visco plastic and 
initially void free (but the presence of 
initial voids can be as well considered). 
Micro voids are generated at potential 
nucleation sites when the nucleation 
pressure is overcome by the local 
pressure loading. Owing to 
microstructural heterogeneities and to 
the presence of residual stresses, the 
nucleation pressure varies from site to 
site. A Weibull probability density 
function is adopted to describe the 
fluctuation of nucleation pressures 
within the material. When the local 
pressure increases, more voids are 
nucleated. The growth of a void is 
described by using a hollow sphere 
model where micro-inertia effects are 
accounted for. The matrix weakening 
it is generally deduced in 
the literature (acoustic 
assumption) that for 
aluminium, titanium and 
tantalum, the maximum 
stress sustained by the 
material (spall stress) is 
not affected by the impact 
velocity. In this model, 
the maximum stress in the 
spall plane strongly 
increases with the impact 
velocity. Nevertheless, 
the velocity pullback at 
the target free surface is 
shown, as in experiments, 
to be independent of the 
impact velocity for a 
given flyer geometry. In 
addition, the effect of the 
flyer size on the velocity 
pullback is exactly 
captured. These results 
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due to void growth is also included. 
Dynamic damage model has been 
implemented in ABAQUS/ Explicit. 
All the model parameters have been 
identified from independent 
experiments. 
bring some confidence on 
the physical mechanisms 
introduced in the present 
dynamic damage model. 
The stabilizing effect of 
micro-inertia is of 
particular importance, as 
it controls the level of the 
maximum stress and the 
development of damage 
during stress relaxation in 
the spall plane. 
Mohd Nor 
et al., (2013) 
 
a finite strain constitutive model for 
orthotropic materials was developed 
within a consistent thermodynamic 
framework of irreversible process in 
this paper. The important features of 
this material model used the 
multiplicative decomposition of the 
deformation gradient and a Mandel 
stress tensor combined with the new 
stress tensor decomposition 
generalised for orthotropic materials. 
The elastic free energy function and the 
yield function are defined within an 
invariant theory by means of the 
introduction of the structural tensors. 
The plastic behaviour is characterised 
within the associative plasticity 
framework using the Hill’s yield 
criterion. The complexity was further 
extended by coupling the formulation 
with the equation of state (EOS) to 
The results generated by 
the proposed material 
model were compared 
against the experimental 
data of Plate Impact test 
of the Aluminium Alloy 
7010. The results were 
satisfactory with respect 
to the experimental data. 
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control the response of the material to 
shock loading. This material model 
which was developed and integrated in 
the isoclinic configuration provides a 
unique treatment for elastic and plastic 
anisotropy. The effects of elastic 
anisotropy are taken into account 
through the stress tensor decomposition 
and plastic anisotropy through yield 
surface defined in the generalized 
deviatoric plane perpendicular to the 
generalised pressure. To test its ability 
to describe shockwave propagation, the 
new material model was implemented 
into the LLNL-DYNA3D code. 
Mohd Nor, 
(2015) 
 
A unique orthogonal rotation tensor 
was defined and implemented into the 
Lawrence Livermore National 
Laboratory-DYNA3D code in this 
paper. This tensor is vital for the 
implementation work of a newly 
formulated constitutive model 
proposed by M. K. Mohd Nor, to 
ensure the analysis was precisely 
integrated in the isoclinic 
configuration. The implementation of 
this unique orthogonal rotation tensor 
into the LLNL-DYNA3D was 
performed by referring to three 
theorems; the deformation gradient F is 
invertible the plastic stretch 𝑈𝑝 is 
symmetric and positive definite and 
finally the rotation tensor ?̂? is assumed 
Several theorems were 
proved and applied to 
ensure a unique rotation 
tensor was successfully 
implemented into this 
code. Accordingly, a new 
subroutine was added to 
examine the accuracy of 
the newly implemented 
rotation tensor algorithm. 
The results obtained for 
uniaxial stress test of 
reversed loading and the 
Plate Impact test proved 
the integration were 
precisely performed in 
isoclinic configuration 
throughout the analysis 
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orthogonal hence ?̂?−1 = ?̂?𝑇. The 
subroutine chkrot93 was adopted to 
check the accuracy of the proposed 
algorithm to calculate a proper rotation 
tensor ?̂?. The accuracy of the proposed 
algorithm to define a unique orthogonal 
rotation tensor was tested and validated 
with the uniaxial tensile test of reversed 
loading and Plate Impact test of 
orthotropic materials that have so much 
application in real world practices.  
using the proposed 
algorithm and provide a 
satisfactory results with 
respect to the reference 
data. 
Mohd Nor, 
(2016) 
 
Proposed constitutive model used a 
new Mandel stress tensor that was 
combined with the new stress tensor 
decomposition. The Mechanical 
Threshold Model (MTS) was adopted 
as a referential curve to control the 
yield surface expansion that accounts 
for isotropic plastic hardening. The 
formulation was developed in the 
isoclinic configuration by using a 
multiplicative decomposition of the 
deformation gradient framework. The 
complexity was increased by 
combining the proposed formulation 
with equation of states (EOS). The 
proposed constitutive model was 
implemented into the LLNL-
DYNA3D. To validate the proposed 
formulation, the final radius and length 
of the deformed cylinder profile 
obtained experimentally were 
From the analysis 
performed, it is noticed 
that the proposed 
formulation of the new 
constitutive model, 
Material Type 93 is 
capable of producing a 
good agreement with 
respect to the three 
dimensional stress-state 
of commercial aluminium 
alloy AA7010 using 
Taylor Impact test data. 
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compared with the results generated by 
new material model. 
Mohd Nor, 
(2016) 
 
A finite strain constitutive model to 
predict the deformation behaviour of 
orthotropic metals is developed in this 
paper. The important features of this 
constitutive model are the 
multiplicative decomposition of the 
deformation gradient and a new 
Mandel stress tensor combined with the 
new stress tensor decomposition 
generalized into deviatoric and 
spherical parts. The elastic free energy 
function and the yield function are 
defined within an invariant theory by 
means of the structural tensors. The 
Hill’s yield criterion is adopted to 
characterize plastic orthotropy, and the 
thermally micromechanical-based 
model, Mechanical Threshold Model 
(MTS) is used as a referential curve to 
control the yield surface expansion 
using an isotropic plastic hardening 
assumption. The model complexity is 
further extended by coupling the 
formulation with the shock equation of 
state (EOS). The proposed formulation 
is integrated in the isoclinic 
configuration and allows for a unique 
treatment for elastic and plastic 
anisotropy. The effects of elastic 
anisotropy are taken into account 
through the stress tensor decomposition 
It can be observed the 
proposed formulation of 
the new constitutive 
model integrated in the 
isoclinic configuration 
and updated in a unique 
alignment of deviatoric 
plane within the stress 
space is capable of 
producing a good 
agreement with respect to 
the Taylor Cylinder 
Impact test data of 
orthotropic metals. At this 
point, it can be concluded 
that the validation process 
is completed since the 
capability of the proposed 
formulation of the new 
constitutive model to 
simulate the deformation 
behaviour of orthotropic 
metals at high strain rates 
within three-dimensional 
stress state has finally 
been validated. 
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and plastic anisotropy through yield 
surface defined in the generalized 
deviatoric plane perpendicular to the 
generalized pressure. The proposed 
formulation of this work is 
implemented into the Lawrence 
Livermore National Laboratory-
DYNA3D code by the modification of 
several subroutines in the code. The 
capability of the new constitutive 
model to capture strain rate and 
temperature sensitivity is then 
validated. The final part of this process 
is a comparison of the results generated 
by the proposed constitutive model 
against the available experimental data 
from both the Plate Impact test and 
Taylor Cylinder Impact test 
 
The above summary proves the needs of improved hyperelastic-plastic constitutive 
formulation using the new stress tensor decomposition. The chosen framework 
primarily distinguishes the chosen approach from hypoelastic-plastic formulation. To 
predict a complex deformation behaviour involves very high pressures and 
shockwaves, the shock equation of state (EOS) and spall failure must be adopted. 
 
2.4 Insight into Elasticity 
The theory of elasticity is a branch of continuum mechanics which is dealing with 
deformable solid bodies and having the physical property. Elastic deformation may be 
defined as a reversible deformation, means the body returns to its original shape and 
recovers all stored energy after removal of the applied load.  Most metals at low 
stresses and ceramics are elastic.  
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To understand the behaviour of an elastic body, a mathematical formulation 
can be developed to generalize theory concerning elastic solids. The continuum theory 
of elasticity is first correctly introduced in Cauchy’s works. Stress and strain are related 
to each other by Hooke's Law where the strain is assumed to be sufficiently small. For 
small deformations, it can be assumed that this relationship is linear. This observation 
is well supported by experimental evidence provided.  
 
This linear elastic stress–strain relationship can be expressed as 
 
𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙  (2.1) 
 
where 𝜎𝑖𝑗, 𝐶𝑖𝑗𝑘𝑙 and 𝜀𝑘𝑙 refer to Cauchy stress tensor, fourth-order stiffness tensor and 
the infinitesimal strain tensor respectively. Alternatively, the relationship can be 
written as 
 
𝜀𝑖 = 𝑆𝑖𝑗𝑘𝑙𝜎𝑗  (2.2) 
 
where 𝑆𝑖𝑗 refers to elastic compliance. It should be noted that both 𝐶𝑖𝑗𝑘𝑙 and 𝑆𝑖𝑗𝑘𝑙 are 
proportionally constants where 𝑖 and 𝑗 can have any value from 1 to 3.  
 
Equation (2.1) also can be expressed in tensor notation as 
 
𝝈 = 𝑪 ∶ 𝜺  (2.3) 
 
The indices are avoided in tensor notation. It is important to note that both 𝜎𝑖𝑗 and 𝜀𝑖𝑗 
are symmetric tensors. Therefore, stress tensor can be written in matrix form as: 
 
(
𝜎11 𝜎12 𝜎13
𝜎21 𝜎22 𝜎23
𝜎31 𝜎32 𝜎33
) = (
𝜎11 𝜎21 𝜎31
𝜎12 𝜎22 𝜎32
𝜎13 𝜎23 𝜎33
) 
(2.4)
 
 
Similarly, the strain tensor can be expressed as: 
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(
𝜀11 𝜀12 𝜀13
𝜀21 𝜀22 𝜀23
𝜀31 𝜀32 𝜀33
) = (
𝜀11 𝜀21 𝜀31
𝜀12 𝜀22 𝜀32
𝜀13 𝜀23 𝜀33
) 
(2.5)
 
 
Symmetry effect leads to a significant simplification of the stress-strain relationship of 
Equations (2.1) and (2.2) as follows: 
 
𝜀𝑖𝑗 = 𝑆𝑖𝑗𝑘𝑙𝜎𝑘𝑙     or      𝜀𝑖𝑗 = 𝑆𝑖𝑗𝑘𝑙𝜎𝑙𝑘 
 (2.6)
 
 
and since 
 
𝑆𝑖𝑗𝑘𝑙𝜎𝑘𝑙 = 𝑆𝑖𝑗𝑘𝑙𝜎𝑙𝑘 ;  𝜎𝑘𝑙 = 𝜎𝑙𝑘 ; 𝑎𝑛𝑑 𝑆𝑖𝑗𝑘𝑙 = 𝑆𝑖𝑗𝑙𝑘 
 (2.7)
 
 
Further, Equation (2.6) also can be expressed as 
 
𝜀𝑗𝑖 = 𝑆𝑗𝑖𝑘𝑙𝜎𝑘𝑙 using   𝑆𝑖𝑗𝑘𝑙 = 𝑆𝑗𝑖𝑘𝑙 (2.8) 
 
Hooke’s tensor can be written with respect to a Cartesian coordinate system in 
tensorial notation as 
 
𝑪 = 𝐶𝑖𝑗𝑘𝑙𝑒𝑖 ⊗ 𝑒𝑗  ⊗ 𝑒𝑘  ⊗ 𝑒𝑙  (2.9) 
 
where 𝑒𝑖,𝑗,𝑘,𝑙 represents the principal strain. Due to the symmetry of the strain tensor 
𝜀, 𝜀𝑘𝑙 = 𝜀𝑙𝑘, it can be simplified that 
 
𝐶𝑖𝑗𝑘𝑙 = 𝐶𝑖𝑗𝑙𝑘 and    𝐶𝑖𝑗𝑘𝑙 = 𝐶𝑗𝑖𝑙𝑘 (2.10) 
 
The direct consequence of the symmetry in the stress and strain tensors is that only 36 
components of the compliance and stiffness tensors are independent and distinct terms. 
n matrix format, the stress-strain relation showing the 36 (6 x 6) independent 
components of stiffness can be represented as: 
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[
 
 
 
 
 
𝜎1
𝜎2
𝜎3
𝜎4
𝜎5
𝜎6]
 
 
 
 
 
=
[
 
 
 
 
 
𝐶11 𝐶12
𝐶21 𝐶22
𝐶13 𝐶14
𝐶23 𝐶24
𝐶15 𝐶16
𝐶25 𝐶26
𝐶31 𝐶32
𝐶41 𝐶42
𝐶33 𝐶34
𝐶43 𝐶44
𝐶35 𝐶36
𝐶45 𝐶46
𝐶51 𝐶52
𝐶61 𝐶62
𝐶53 𝐶54
𝐶63 𝐶64
𝐶55 𝐶56
𝐶65 𝐶66]
 
 
 
 
 
[
 
 
 
 
 
𝜀1
𝜀2
𝜀3
𝜀4
𝜀5
𝜀6]
 
 
 
 
 
 (2.12)
 
 
The above matrix expression can be written in indicial notation as: 
 
𝜎𝑖 = 𝐶𝑖𝑗𝜀𝑗  𝑎𝑛𝑑 𝜀𝑖 = 𝑆𝑖𝑗𝜎𝑖   (2.13) 
 
Further reductions in the number of independent constants are possible by employing 
other symmetry considerations to Equation 2.13 to remark that in the most general case 
C may have the maximum number of 21 independent components. The 21 independent 
elastic constants can be reduced still further by considering the symmetry conditions 
found in different crystal structures.  In isotropic case, the elastic constants are reduced 
from 21 to 2. This symmetry requirement ensures the existence of an elastic energy 
potential.  
A great number of materials can be treated as isotropic, although they are not 
microscopically. Individual grains exhibit the crystalline anisotropy and symmetry, but 
when they form a poly-crystalline aggregate and are randomly oriented, the material 
is microscopically isotropic. If the grains forming the poly-crystalline aggregate have 
preferred orientation, the material is microscopically anisotropic. Often, material is not 
completely isotropic; if the elastic modulus E is different along three perpendicular 
directions, the material is orthotropic. It is accepted within the linear elastic framework 
that the strains and stresses are connected through a one-to-one relation. This tensor 
actually links the deformation of a medium to an applied stress (Khan et al., 2009).  
 
Referring to Equation (2.2), it can be seen that the elastic compliance tensor S is the 
inverse tensor of C such that 
 
S = 𝑪−1.   
 
  (2.14) 
 
As shown above, the similar symmetry requirements can be imposed on the 
compliance tensor to give 
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𝑆𝑖𝑗𝑘𝑙= 𝑆𝑘𝑙𝑖𝑗 = 𝑆𝑗𝑖𝑘𝑙   (2.15) 
 
As briefly defined above, materials with three mutually perpendicular planes of 
symmetry is also known as orthotropic materials. In the case of elastic orthotropic 
materials, nine parameters are required to define the stress strain relationship using 
stiffness and compliance tensors.  
 
The stiffness and compliance tensors can be written in matrix form as follows 
 
𝑪𝑒 =
[
 
 
 
 
 
 
 
 
 
𝐸1(1 − 𝜐32𝜐23)
Δ𝑒
𝐸2(𝜐12 + 𝜐13𝜐32)
Δ𝑒
𝐸3(𝜐13 + 𝜐12𝜐23)
Δ𝑒
0     0       0
𝐸1(𝜐21 + 𝜐23𝜐31)
Δ𝑒
𝐸2(1 − 𝜐13𝜐31)
Δ𝑒
𝐸3(𝜐23 + 𝜐21𝜐13)
Δ𝑒
0     0       0
𝐸1(𝜐31 + 𝜐21𝜐32)
Δ𝑒
0
0
0
𝐸2(𝜐32 + 𝜐32𝜐23)
Δ𝑒
0
0
0
𝐸3(1 + 𝜐21𝜐12)
Δ𝑒
0
0
0
    
  0
G23
 0
 0
0
0
G31
0
 
 0
 0
 0
G12]
 
 
 
 
 
 
 
 
 
 (2.16) 
 
where:  
 
∆𝑐= 1 − 𝑣21𝑣12 − 𝑣31𝑣13 − 𝑣32𝑣23 − 𝑣12𝑣23𝑣31 − 𝑣21𝑣13𝑣32 
𝑉12
𝐸1
=
𝑉21
𝐸2
,
𝑉31
𝐸3
=
𝑉13
𝐸1
,
𝑉32
𝐸3
=
𝑉23
𝐸2
 
  
 
𝑪𝑒 =
[
 
 
 
 
 
 
 
 
 
 
1
𝐸𝑥
𝑣𝑦𝑧
𝐸𝑦
𝑣𝑧𝑥
𝐸𝑧
 0     0      0  
𝑣𝑧𝑦
𝐸𝑥
1
𝐸𝑦
𝑣𝑧𝑦
𝐸𝑧
0      0      0
𝑣𝑥𝑧
𝐸𝑥
0
0
0
𝑣𝑦𝑧
𝐸𝑦
0
0
0
1
𝐸𝑧
0
0
0
0
1
G𝑥𝑦
0
0
0
0
1
G𝑥𝑧
0
0
0
0
1
G𝑦𝑧 ]
 
 
 
 
 
 
 
 
 
 
 (2.17) 
 
where E, 𝜈 and G is refer to Young’s modulus, Poisson’s ratio and shear modulus 
respectively. 
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2.5 Insight into Plasticity 
Permanent deformation is known as plastic deformation which the behaviour can be 
very complex in general. After the applied load is removed the deformation body is 
remains. The physical process permanently changing their relative positions and 
involves sliding of atoms past each other. Since the normal stress does not affect 
significantly the sliding process in metals., it may be stated that only shear stress can 
and does induce plastic deformation in metals.  
There are two approaches can be used at microscopic and macroscopic levels 
in the study of plasticity. At microscopic scale, it can be characterised as a theory of 
dislocation. Which is effective at the level of atomic and essential to appropriately 
describe the accurate phenomenon of materials physically. While, at macroscopic 
scale, its lead to plasticity theory. 
2.6 Overview of Isotropic Plasticity 
According to the theory of plasticity, the behaviour of material undergoing plastic 
deformation is characterised by a yield function, a flow rule and a strain-hardening 
law. The yield function determines the stress state when yielding occurs. The direction 
of plastic strain rate is obtained by the gradient (from normal to yield surface at the 
loading point). The yield surface described the limitation of the elastic regime of 
material and specify the point of material when start to yield (Khan et al., 2009). The 
flow rule describes the increment of plastic strain when yielding occurs and define the 
relationship between the deviatoric stress and the strain rate tensor.  
The Levy–Mises equation described the relationship between the ratio of strain 
and the ratio of stress that specifies the increment of total strain which basically 
suggested by Levy and further enhanced by Von Mises. The theory of Levy-Mises is 
based on two assumptions. First, the elastic strain 𝛆𝑒 is assumed small, and ignored. 
Further, the theory assume the increment of strain dε or correspondingly the strain rate 
?̇? is coaxial with stress, σ. The same assumption applies to the deviatoric stress S, 
hence the coaxiality between dε and S can be written as: 
 
𝑑𝛆 = 𝐒 ∙ 𝑑λ    (2.18) 
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where dλ or λ̇ is a scalar factor of proportionality that determined from the yield 
criterion. This theory is later extended to allow for elastic and plastic strains takes the 
following form: 
 
d𝜺𝑖𝑗 = 𝑑𝛆𝑒𝑖𝑗 + 𝑑𝛆𝑝𝑖𝑗    (2.19) 
 
The theory is known as the Prandtl–Reuss equation where the total strain increment 
𝑑𝜺 is the sum of the elastic 𝑑𝛆𝑒𝑖𝑗 and the plastic 𝑑𝛆𝑝𝑖𝑗 increments. Plastic deformation 
is considered to be constant volume process, while elastic deformation causes volume 
changes and shape changes. 
Basically during metal forming process, the elastic increment strain is ignored 
compare to the plastic increment fully developed plastic region. However, when 
collaborate with elastoplastic deformation the elastic component of the total increment 
is become essential and it is needed to accompanist to Prandtl–Reuss assumption. 
Otherwise, the material is assumed as rigid-perfectly plastic if the elastic incremental 
strain is ignored and this condition is well-suited with the Levy-Mises assumption. 
 
𝑑𝛆𝑝𝑖𝑗 = 𝑑λS     (2.20) 
 
An important assumption has been made in Equation (2.20) that the principal axes of 
plastic strain increment and deviatoric stress are coincident. This theory matches with 
the behaviour in most metals where the plastic strain 𝜺𝑝 is much larger than elastic 
strain 𝜺𝑒. 
Von Mises has made a significant contribution by proposing a simplified 
constitutive equation for plastic deformation. In the theory of elasticity, Von Mises 
relates the strain tensor to the stress tensor through an elastic potential function, as a 
complementary to elastic strain energy 𝛹𝑒 as 
 
𝜺𝑖𝑗 =∙
𝑑𝛹𝑒
𝑑𝜎𝑖𝑗
    (2.21) 
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This idea is further generalized to the theory of plasticity by assuming an existence of 
plastic potential function 𝛹(𝝈) and the plastic strain rate ?̇?𝑝 to define the following 
formulation 
 
?̇?𝑝 = λ̇ ∙
𝑑𝛹(𝛔)
𝑑𝜎
     (2.22) 
 
Yield criterion can be used to determine λ̇ in the above equation. It should be noted 
that a plasticity potential theory is defined based on a flow rule assumption, focusing 
on a potential, 𝛹(𝝈) identification. The plastic potential function 𝛹(𝝈) is normally 
assumed identical to the yield function 𝑓(𝛔) in the associative plasticity theory, such 
that 
 
 𝛹(𝝈) = 𝑓(𝛔)     (2.23) 
         
Subsequently Equation (2.21) can be re-expressed as 
 
?̇?𝑝 = λ̇ ∙
𝑑𝑓(𝛔)
𝑑σ
     (2.24) 
 
In this equation, the plastic strain rate ?̇?𝑝 is set normal to the yield surface, called an 
associated flow rule. This theory is supported by experimental evidences as observed 
in the plastic deformation of numerous metals.  Contrarily, a non-associated flow rule 
is defined as 𝛹(𝛔) ≠ 𝑓(𝛔).   
The hardening law is used in this theory to define the evolution of the yield 
surface and describes how the material is strain-hardened as the plastic strain increases 
(Khan et al., 2009). There are two hypotheses can be adopted to analyze the hardening 
effects. The first hypothesis known as the plastic strain hardening that states the 
amount of hardening is controlled by the effective plastic strain as shown below 
 
?̅?𝑝 = ∫𝑑?̅?𝑝     (2.25) 
 
The second hypothesis is initiated in Hill (1948) where the hardening is assumed 
depends on the total plastic work done, 𝑊𝑝 to give 
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𝑊𝑝 = ∫𝛔: 𝑑𝛆𝑝   (2.26) 
 
The yield surface evolution can be characterized as isotropic, kinematic, anisotropic, 
or a combination of the three, regardless of the initial shape developed when the 
materials start to yield. Using an isotropic hardening assumption, the yield expansion 
is assumed take place without any distortion of the initial curve. The isotropic 
hardening can be generalized for isotropic yield function in terms of the second and 
third invariants of the deviatoric stress 𝐒, J2
′  and J3
′  respectively. 
 
𝑓 = 𝑓(J2
′ , J3
′ ) − 𝑓(α) = 0   (2.27) 
 
It can be seen in the above equation, parameter 𝛼 is necessary to represent the isotropic 
hardening which refer to the yield surface radius. Subsequently, parameter 𝛼  can be 
expressed as 
 
𝑑α = 𝑑ε̅𝑝    (2.28) 
 
Using the above equation, the evolution of the yield surface radius is proportional to 
plastic deformation.  To consider the Bauschinger effect in the uniaxial tension-
compression such as the case of cyclic loading, the kinematic hardening must be 
included by observing the centre of the yield surface. An internal variable 𝞪 known as 
the backstress is introduced in this concept to determine the yield surface centre 
position in the stress space which the changes is controlled by hardening of plastic. If 
the initial yield surface is determined by following equation,  
 
𝑓 = 𝑓(𝛔) − 𝑓(α) =  0   (2.29) 
 
the kinematic hardening can be further embedded to the formulation to define the 
centre of the yield surface during the plastic deformation as 
 
𝑓 = 𝑓(𝛔 − 𝞪) − 𝑓(α) (2.30) 
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In addition to the above concepts, an equation of state (EOS) must be included in the 
constitutive model to model the behaviour of materials undergoing very high pressures 
and shockwaves. The deformation behaviour of metals can be closely predicted within 
elastic and plastic regimes by introducing damage and failure models (Gotoh, 1971). 
2.7 Insight into Anisotropic Plasticity 
It can be observed from the discussion in the previous sections, the theory related to 
isotropic materials is not very complex since the response is not affected by the 
materials orientations. A similar characteristic however, does not experienced by   
anisotropic materials. In such materials, the mechanical properties will start to changes 
(be distorted) as the materials starts to rotate during plastic deformation.  
Generally, anisotropic materials exhibit different response in different 
direction due to its unique magnitude and orientation in each direction. The initial 
shape of the yield surface is influenced by elastic anisotropic that represents the initial 
anisotropy of materials.  
2.7.1 Yield Criteria for Plastic Anisotropy 
In order to simulate forming processes, the mechanics of continua offers several 
general equations that apply to any medium. However, the constitutive equations are 
valid only for a particular class of materials. These equations account for the intrinsic 
nature of the materials and can be applied only under given conditions. Often, in sheet 
metal forming problems at room temperature, the classical flow theory of plasticity is 
employed. This theory assumes the existence of a plastic potential, usually identified 
with the yield surface, which must be convex. Therefore, strains are related to stresses 
through the normality rule. However, the yield surface of sheet metals can be quite 
different according to the nature of the material and its degree of anisotropy, (Hill, 
1979).  
Hill (1948) introduced the anisotropic theory of plasticity and described a 
theory of yielding and plastic flow of anisotropic material, (Chin Wu, 2003). He also 
the first one who proposed the minimal framework of orthotropic plastic response of 
rolled sheet which commonly modelled by a homogeneous yield function of degree 
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